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Dedicated to Jerzy Weyman, on the occasion of his 60th birthday 


Abstract. We compute the characters of the simple GL-equivariant holonomic ©-modules on the vector 
spaces of general, symmetric and skew-symmetric matrices. We realize some of these ©-modules explicitly 
as subquotients in the pole order filtration associated to the determinant/Pfaffian of a generic matrix, and 
others as local cohomology modules. We give a direct proof of a conjecture of Levasseur in the case of general 
and skew-symmetric matrices, and provide counterexamples in the case of symmetric matrices. The character 
calculations are used in subsequent work with Weyman to describe the ©-module composition factors of local 
cohomology modules with determinantal and PfafSan support. 


1. Introduction 

When G is an algebraic group acting on a smooth algebraic variety X over C, it is a natural problem to 
describe the simple G-equivariant holonomic P-modules on X. When G acts with finitely many orbits, all 
such P-modules have regular singularities, and they are classified via the Riemann-Hilbert correspondence 
by the G-equivariant simple local systems on the orbits of the group action. Describing these P-modules 
explicitly is however a difficult problem (see Open Problem 3 in [MV861 Section 6], and |Vil85| l. In this 
paper we consider the case when A is a vector space of matrices (general, symmetric, or skew-symmetric), 
and G is a natural rank preserving group of symmetries. In all these cases G is a reductive group and the 
P-modules are G-admissible representations (they decompose into a direct sum of irreducible representations, 
each appearing with finite multiplicity). The purpose of this paper is to describe these representations (which 
we will refer to as the characters of the equivariant P-modules) and to realize these P-modules explicitly. 
The motivation for this work is two-fold: 

• Computing local cohomology. In [BW14([BWW14(lRW15] we describe the characters, and the 
P-module composition factors of the local cohomology modules ?^y(A, Ox) in the case when X 
is a space of matrices (general, symmetric, or skew-symmetric), and Y is any orbit closure for the 
natural group action on X. We expect that the combination of P-module and commutative algebra 
techniques that we employ to study local cohomology in the case of matrices will apply to other 
cases of interest |Levn9t Appendix]. We note that character calculations in the context of analyzing 
local cohomology modules appear also in |Kem78([VdB99j : in both cases, the representations are 
T-admissible for T a maximal torus in G; the equivariant T>-modules that we study in this paper are 
G-admissible, but in general they are too large to be T-admissible. 

• Levasseur’s conjecture. For a class of multiplicity-free G-representations X, Levasseur conjectured 
|Levn9( Conjecture 5.17] an equivalence between the category C of equivariant holonomic T-modules 
whose characteristic variety is a union of conormal varieties to the orbits of the group action, and a 
module category admitting a nice quiver description. His formulation is equivalent to the fact that 
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any simple P-module Ai va. C contains sections which are invariant under the action of the derived 
subgroup G' = [G, G]. Our character description provides a direct proof of this conjecture for general 
and skew-symmetric matrices, and yields counterexamples for symmetric matrices. 

Our work complements the existing literature that studies the categories of P-modules on rank stratifications 
[Nan08llNanl2| (see also [BG99] for the corresponding categories of perverse sheaves), in that we realize 
concretely the simple objects of these categories and discuss some applications, filling some gaps in the 
arguments and generally painting a more transparent picture. To give a flavor of the level of concreteness 
that we seek, we begin with the following denotes the set of dominant weights A = (Ai > • • • > A^) G Z"’, 

and Sx denotes the Schur functor associated to A; throughout the paper we use the convention Xg = oo for 
■s < 0 , A 5 = —00 for s > n): 

Theorem 1.1. Let X = Jje the vector space of n x n matrices, and let S = C[xjj] be the coordinate 

ring of X. If we write det = det(xjj), and let Sdet be the localization of S at det, then we have a filtration 

OCSC (det-i)2? C • • • C (det-”)p = fi-det, 

where Fg = (det~^)x) denotes the V-submodule of Sdet generated by det“^ for s = 0, • • • , n (and F_i = 0). 
The successive quotients Ag = Fg/Fg^i, s = 0, • • • ,n are the simple GL„(C) x G\jn{C)-equivariant holonomic 
T>-modules on X (for the natural action by row and column operations) and their characters are given by 

Ag = 0 SxC ^ 0 

As As+i 

In the case of symmetric matrices, the P-modules obtained as in Theorem 11.11 cover roughly half of the 
simple equivariant P-modules. The remaining half are more mysterious, and they provide counterexamples 
to [Levn9( Gonjecture 5.17]. In the case of m x n matrices with m > re, as well as in the case of skew-symmetric 
matrices of odd size, the simple equivariant P-modules arise as local cohomology modules, while in the case 
of skew-symmetric matrices of even size the simple equivariant P-modules arise, just as in Theorem m 
from the pole order filtration associated with the Pfafhan of the generic skew-symmetric matrix. Most of 
our simple P-modules have irreducible characteristic variety, but for roughly half of the ones arising from 
symmetric matrices the characteristic variety has two connected components: this is deduced in R emark 1 1.5 1 
as a consequence of the character information. 

As suggested by Theorem 11.11 one motivation behind our investigation is that the simple P-modules are 
the building blocks for many P-modules of interest that one would like to understand. More precisely, 
every holonomic P-module Ai has finite length, i.e. it has a finite filtration (composition series) whose 
successive quotients (composition factors) are simple holonomic P-modules. When G is connected and Ai is 
G-equivariant, the composition factors are also G-equivariant [VdB99[ Prop. 3.1.2]. We are mainly interested 
in two types of G-equivariant holonomic P-modules: 

• Local cohomology modules. If T C X is a G-invariant subset, then the local cohomology 
modules 'Hy{X,Ox) are G-equivariant P-modules. If Y is smooth and irreducible, and if we write 
c = codimx(l^) for the codimension of Y inside X, then 'Hy{X,Ox) is the unique non-vanishing 
local cohomology module and it is simple. In general, for an irreducible subvariety Y <Z X one can 
define an intersection homology P-module C(Y,X) which is simple (and it is G-equivariant when Y 
is a G-subvariety), and we have an inclusion C(Y,X) C 'Hy[X,Ox)-, whose cokernel is suported on 
a proper subset of Y. The case when X = and T is the subvariety of singular matrices is 

implicitly described in Theorem ll.il c = 1, C{Y,X) = Ai, 'Hy{X,Ox) = *S'det/*S', and the cokernel 
77y(A, Ox)!T.((Y, X) has composition factors A 2 , • • • , A„. In general, the local cohomology modules 
TLy{X, Ox) for f 7 ^ c may be non-zero, but they are all supported on proper subsets of T: it is an 
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interesting problem to decide their (non)vanishing, or at a more refined level to understand their 
P-module composition factors. 

• The P-module (generated by) /". For a non-zero polynomial / € S = - ,xjv] and a 

complex number a, we can define (/“)d - the (holonomic) P-module generated by /“ (see |Wall5] 
for a recent survey). A strict inclusion C (/")d implies that a is a root of the Bernstein-Sato 

polynomial of / (this can happen only when a is rational and negative [Kas76| ). It is an interesting 
question to decide whether each root a gives rise to such a strict inclusion [Wall 5 [ Question 2.1], 
[Sail5[ Question 1, Section 4]. More generally, one may be interested in the composition factors of 
(/“)x>- For a £ Z and / = det this is completely answered by Theorem ll.il When a ^ Z, (det“)x) is 
a simple P-module (see the proof of Theorem El]). Similar conclusions are obtained when / is the 
symmetric determinant, or the Pfaffian of a skew-symmetric matrix of even size. 

Before stating our results in more detail, we give a simple example to illustrate how character calculations 
alone can allow one to determine the T>-module composition factors. 

Example 1.2. Let X = be the Wdimensional affine space, and let G = (C*)^ be the Wdimensional 
torus. The orbits Xj of the G-action are indexed by subsets I C [A^] = {1, • • • ,N}, where 

Xj = {x £ : Xi 7 ^ 0 if and only if f G /}. 

The stabilizer of each A/ is connected, so there is a one-to-one correspondence between orbits and simple G- 
equivariant holonomic P-modules Dj (Theorem 12.71 Remark 12.81) . given by Dj = C{Yi,X), where Yj = Xj 
is the corresponding orbit closure. Since Yj is an affine space of codimension N — |/|, it is in particular 
smooth, and therefore the H-module Dj is just a local cohomology module Dj = Hy^ ^^^{X,Ox)- If we 
write S = C[xi, • • • ,xn] for the coordinate ring of X, then each Yj is defined by the ideal generated by the 
variables Xj, j ^ I. Using the Cech complex description of local cohomology we get 

Di= 0 C•x^■■•x^^ 

Ai>0 if and only if iGl 

which is a decomposition into irreducible G-representations. If we take f = xi ■ ■ ■ xn then we get 

Sj= 0 

The torus weights appearing in the Dj^s form a partition of those appearing in Sf, so each Dj appears as 
a P-module composition factor of Sf with multiplicity one. Using a similar argument for X = we 

obtain a proof of Theorem 11.11 (see Section [5|) . 


Symmetric matrices. Our results run in parallel for the three spaces of matrices (general, symmetric, and 
skew-symmetric). We have made the effort to apply a uniform strategy to all three cases, but we weren’t 
able to treat the combinatorial details uniformly. For the sake of brevity, we have chosen to treat only the 
case of symmetric matrices in full detail, and only indicate the changes that are required in the other cases. 
Two features that make the case of symmetric matrices more interesting are: (a) the presence of non-trivial 
equivariant local systems; (b) the existence of counterexamples to Levasseur’s conjecture. 

For each positive integer n and for s = 0, • • • , n, we consider the collections of dominant weights 


C^{s, n) 
C^(s, n) 


(mod 2) 

{A £ Zjjoin : Aj = s -|- 1 for i = 1 , • • • , n, A^ > s -|- 1 > As+2}) 


„ (mod 2 ) j S + 1 for i = 1 , • • • , s 

'^dom '■ Y ^ \ f . 

s tor z = s + 1 , • • • , n 


, As > s -|- 1 , As+i < s > . 


( 1 . 1 ) 
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Note that C^{n,n) = C^(n, n). For a positive integer n, we identify Sym^ C”' with the vector space 

of n X n symmetric matrices, where the squares w'^, w £ C”, correspond to matrices of rank at most one. 

We write for the subvariety of matrices of rank at most i. For s = 0, • • • , n, and j = 1, 2, we define 

e:i= 0 SaC". 

XgC^ (s,n) 

Theorem on Equivariant D-modules on Symmetric Matrices (Section[3|). There exist (2n+l) simple 
G\jn{C)-equivariant holonomic V-modules on whose characters are di, s = 0, • • • , n, j = 1, 2. More 

precisely, if we denote by Ci the V-module with character di then 0^ = 0^ = £({ 0 },M®y™™) is the simple 
holonomic V-module supported at the origin, and for s < n 

^ I £(MZT, (mod 2 ), 

" 1 / 2 ) if j = s-£l (mod 2 ). 

Here is the usual intersection homology V-module, while 1/2) is the 

intersection homology V-module associated to the non-trivial irreducible GLn{C)-equivariant local system on 
the orbit of rank [n — s) matrices. 

We let S = C[xij] be the coordinate ring of where Xij = Xj^i. We write sdet = det(xij) for the 

determinant of the generic symmetric matrix, and let Ssdet be the localization of S at sdet. We consider 
Fg = (sdet“^/^)D, the V-submodule of S'sdet (or of Ssdet • sdet^^^/ generated by sdet“^/^ for s = 0, - ■ ■ , n + 1 
(and E_i = 0/. We have that Cq = Fq = S, and Cj = Fg^i/Fg-i for s = 0, • • • ,n. 

Remark 1.3. The X>-modules Cf for s = 1, • • • ,n — 1 contain no SL„(C)-invariant sections, so they provide 
counterexamples to [LevOQ) Conjecture 5.17]. It may be interesting to note that when n > 3, among these 
counterexamples there are the intersection homology X>-modules with s even, so the 

failure of Levasseur’s conjecture can’t be solely explained by the presence of non-trivial local systems! 

Remark 1.4. We can now give a quick derivation for the Bernstein-Sato polynomial of sdet [Kimn3( Appendix]: 

ftsdet(s) = n “!-• (1-2) 

It follows from Cayley’s identity that bsdet{s) divides OILi ('® + while for each i = 1, • • • ,n the strict 
inclusion Fi_i C Ej+i shows that — is a root of 5sdet(s)- This is enough to conclude the equality (|1.2I) . 

Remark 1.5. It is interesting to note that the character calculation allows us to determine the characteristic 
varieties for the P-modules C/. The Fourier transform F (see Section 12.51) permutes the 77-modules Ci, and 
“rotates” their characteristic varieties by 90° (note that “rotating” the conormal variety to the orbit of rank 
s matrices yields the conormal variety to rank (n — s) matrices). The formula (I2.29p where U = /\^C”', 
together with (|l.ll) . shows that F{Cl) = for s = 0 , • • • ,n — 1, and F{Cg) = C^_s for s = 0 , • • • ,n. 

Since (7/ has support and F{Cg) has support it follows that the characteristic variety of C/ 

has two components, namely the conormal varieties to the orbits of rank (n — s) and rank (n —s — 1 ) matrices. 
Since Cg has support and F{Cg) has support it follows that the characteristic variety of Cg 

is irreducible, namely it is the conormal variety to the orbit of rank (n — s) matrices. Similar considerations 
show that for general and skew-symmetric matrices, the characteristic varieties of the simple equivariant 
27-modules are irreducible. The calculation of characteristic varieties can also be deduced from [BG99j . 
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Strategy for computing the characters of equivariant D-modules. Our approach to computing char¬ 
acters of equivariant P-modules is based on performing Euler characteristic calculations using the 15-module 
functoriality together with some combinatorial and geometric methods. More precisely, for the inclusion of 
an orbit i : O X, the P-module direct image Oq is an object in the derived category of G-equivariant 
Pjsc-Riodules, whose cohomology groups Oq are (in the cases that we study) G-admissible representations. 
Analyzing the inclusion l directly is complicated, so we make use of a resolution of singularities Z of the 
orbit closure O. The variety Z is a vector bundle over a Grassmannian G (or a product of Grassmannians), 
and the inclusion j : O ^ Z is an affine open immersion. The map n : Z ^ X factors as po s 


Z^-^ X xG 



where s is a regular embedding and p is the projection onto the first factor. We compute the Euler character¬ 
istic of f Oq as a virtual admissible G-representation, by using the factorization i = po so j. If we pretend 
that there is a one-to-one correspondence between simple equivariant P-modules and orbits (which is true 
for general and skew-symmetric matrices), and write Xg for the 15-module corresponding to matrices of rank 
s, then the Euler characteristic calculations together with general considerations regarding the structure of 
15-module direct images, allow us to write down an upper-triangular matrix with ones on the diagonal, that 
represents the change of coordinates in the Grothendieck group of admissible representations, from (As)s to 
appropriately defined linearly independent characters (Xs)^. The Fourier transform on one hand preserves 
this matrix, and on the other hand it makes it lower-triangular, which allows us to conclude that the matrix 
is in fact the identity and therefore Xg = Xg for all s (see Section 12.6j) . 

In the process of computing Euler characteristics, we are led to the following combinatorial problem. Let 
X = G(fe,C”) be the Grassmannian of fe-dimensional quotients of C”, with Gx(l) denoting the Pliicker line 
bundle, and 15^ denoting the sheaf of differential Tforms on X, and define the virtual GL„(C)-representation 


Pk,r — 


k-{n—k) 


i=0 


The problem is to compute ® SaC"' for A G ^dom- When k = 1, pi^r corresponds to the r-th power sum 
symmetric function, and the answer is given in [Mac95( Exercise 1.3.11(1)]. The relevance of this formula for 
computing Euler characteristics is as follows: if we write E = £({0}, A) for the simple holonomic L5-module 
supported at the origin. Ok for the orbit of rank k matrices, and ik for the inclusion of Ok into the ambient 
space, then (up to minor adjustments, depending on which space of matrices we analyze) 



lim pkr G E, 

r—>-oo ’ 


where the limit is taken in the Grothendieck group of admissible representations (see Section 12.1.11 for a 
precise formulation, and Section [3] for the calculations). 


Organization. In Section[2]we establish the notation and basic results concerning the representation theory 
of general linear groups and 15-modules that will be used throughout the rest of the paper. In Section [3] we 
compute the relevant Euler characteristics as limits in the Grothendieck group of GL-admissible represen¬ 
tations. In Sections m O and [6] we prove the main results on characters of equivariant 25-modules. Finally, 
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in Section [7] we discuss the simple P-modules that arise from non-equivariant local systems on the orbits, 
and prove Levasseur’s conjecture for skew-symmetric and general matrices. 


2. Preliminaries 


2.1. Representation Theory |Wey03 Ch. 2]. Let W he a complex vector space of dimension dim(lT) = n, 
and denote by GLiW) the group of invertible linear transformations of W. The irreducible finite dimensional 
GL(VP)-representations, denoted S\W, are indexed by dominant weights A = (Ai > • • • > A„) G 7/^. A 
dominant weight A is said to be a partition if all its parts Ai,--- , An are nonnegative. The size of A is 
|A| = Ai An. The conjugate partition A' is defined by transposing the associated Young diagram: A' 

is the number of j's for which Xj > v, for example (5, 2,1)' = (3,2,1,1,1). Write [n] for the set {1, • • • , n}, 
and for a given a subset I C [n] and an integer u, let (u^) be the sequence /r G Z” having fjn = u when 
i € I, and Hi = 0 when i ^ I. When I = [k] for k < n, we simply write (u^) instead of (u^). We have that 
5(ifc)VP = /\^ W is the k-th. exterior power of W, and we let det(VP) denote the top exterior power /\"' W. 


2 . 1 . 1 . Admissible representations. Given a reductive algebraic group G, we write A for the set of (isomor¬ 
phism classes of) finite dimensional irreducible G-representations. We will be mainly interested in the case 
when G = GL{W) is a general linear group: we write r(G) = r(VP), and A = {S\W : A G We 

also consider G = GL(iyi) x GL(1L2), dim(Wi) = m, dim(W 2 ) = n, and write r(G) = r(Wi,W 2 ) and 
A = {S 5 W 1 ® S\W 2 : (5 G A G 7,'^om}- admissible G-representation decomposes as 

M = 0L®“^, 

LeA 

where each G Z>o. We say that M is finite if only finitely many of the a^’s are non-zero. We define the 
Grothendieck group r(G) of admissible representations to be Z^, the direct product of copies of Z, indexed by 
the set A. We call the elements of r(G) virtual representations. We write a typical element U G r(G) as 

U=Y,(^l-L, 

LeA 

where G Z and define {U,L) = ol to be the multiplicity of L inside U. A sequence {Ur)r of virtual 
representations is said to be convergent (in r(G)) if for every L G A, the sequence of integers {Ur,L) is 
eventually constant. If {Ur)r is convergent, we write ql = liuir^oo {Ur, L) for each L G A. We define 
U = XIlsA “l • a to be the limit of {Ur)r, and write 

lim Ur = U. 

r^oo 


2.1.2. Combinatorics of weights. It will be convenient to make sense of SxW even when A G Z"" is not 
dominant. In order to do so we let <5 = (n — 1, n — 2, • • • , 1,0) and consider A -|- <5 = (Ai -|- u — 1, A 2 + n — 
2 , • • • , A„_i + 1, An). We write sort(A -|- 5) for the sequence obtained by rearranging the entries of A -|- (5 
in non-increasing order. If A -|- 5 has non-repeated entries, we let sgn(A) denote the sign of the unique 
permutation realizing the sorting of the sequence A -|- 5. We define 

A = sort(A -|- (5) — (5, 

and let SxW be the element of r(IT) defined by 


SxW 


sgn(A) • SyW if A is dominant (i.e. if A -|- <5 has non-repeated entries); 
0 otherwise. 


( 2 . 1 ) 
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For example, we have < 5 ( 2 , 1 , 4 , 3 )PF = 0 and < 5 (i,i,o, 7 )lF = —< 5 ( 4 , 2 , 2 , 1 )Note that in particular 

S\W = 0 if Aj+i = Aj + 1 for some i = 1, • • • , n — 1. (2-2) 

We denote by the collection of subsets I C [n] of size |/| = k, and write P{k,n — k) for the set of 
partitions // = (^ui > • • • > fj-k) with <n — k. There is a one-to-one correspondence between sets I € 
and partitions /x G P{k^ n — k) given by 

^ — {k'k + 1) k'k-i + 2, - ■ ■ , fj ,2 + {k — 1), fxi + k}. (2-3) 

If we write n' G P{n — k, k) for the conjugate partition of n then the complement of I in [n] is given by 

p = [n] \ I = {k + I - ^'^,k + 2 - ix' 2 , ■ ■ ■ ,n - n^-k}- (2-4) 

For every A G I G and r G Z, we define A(r, I) G Z” as follows: we write the elements of I and P 
in increasing order 

I = \i\ < • • • < ifc}, I = \ik+l < ■ ■ ■ < *n}) 

and let 

[r + t + Xi^-it for t = I,--- ,/c; 

A(r, l)t = s 

+ ioi t = k + 1 , ■■■ ,n. 

We define A^(I) G Z^ and A^(/) G Z”“^ via 

A^(/)t = t + Xi^ - it, for t = 1, • • • , k, 


X^{I)t-k = t + Xi^-it, ioT t = k + l 


, • • • ,n, 


so that A(r,/) is the concatenation of A^(/) -|- (r^) and A^(/). In particular 

X^{[k]) = (Ai, • • • ,Xk) and A^([A:]) = (A^+i, • • • , A„). 

We define the permutation cr(/) of [n] via 

cr(/)t = it for t = 1 , •• • ,n. 

With this notation we obtain 

<5;,+ (,t)IF = Sgn(c7(/)) • S^^r,i)W = (-1)1^1 • <5;,(,,,)W, 

and note that if A is dominant and r is sufficiently large then A(r, I) is also dominant. 
We define for h,j the sets of partitions 

P^'^{a, h) = {^ G P{a, b) : Hi = h (mod 2) for i = 1, • • • , a, = j (mod 2) for i = 1, 

A quick counting argument yields the following; 

Lemma 2.1. The cardinality of P^'\a,h) is computed by: 


|p0’0(a,6)| = 


LfJ + W'i 


LU 


b 
2 


0 


b even 
b odd 


|pi’°(a,6)| = <^ 


+ L^J 
L¥J 


a even 


a odd 


\P^^\a,b)\ = { 


g —1 b—l 

2 2 
b-1 
2 


a, b odd 
otherwise 


(2.5) 

( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 

(2.9) 

, 6 }. ( 2 . 10 ) 
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2.1.3. A generalized Fieri rule. The Grothendieck group r(PT) is a module over the representation ring R{W) 
of finite dimensional GL(lT)-representations. As a ring, R{W) is generated by the exterior powers /\ W, 
k <n, and by the inverse det(lT)“^ = /\"' W* = of det(lT). We have SxW (8)det(lT) = 

The following lemma generalizes this by describing the multiplicative action of the exterior powers /\^ W on 
r(lT) (since the multiplication is continuous, i.e. it commutes with limits, it suffices to determine its action 
on the indecomposables S’aIT): 

Lemma 2.2 (Pieri’s rule). For every X € we have the following equality in TiW): 

(/\w\ ® SaIT = E SA+,i.,ir. (2.11) 

V / 

Proof. We may assume without loss of generality that A is dominant. If Aj+i = Aj and I is such that i ^ I 
and (i + 1) € I then it follows from (|2.2p that = 0. For all the other terms appearing on the right 

hand side of (|2.11l) we have that /r = A + (1^) is dominant and ^/A is a vertical strip (i.e. Hi — Xi ^ {0,1} for 
all i) of size k. (12.lip then follows from the usual Fieri formula |Wey03[ Corollary 2.3.5]. □ 

We define elements Pk,r{W) G RiW) for every r £ Z and 0 < /c < n, by 

PkAW)= (2-12) 

and note that Pk,i{W) = /A W. We have the following generalization of Pieri’s rule: 

Lemma 2.3. For every X £ Z^ we have the following equality in r(IT).' 

PkAw)(^SxW = E •5a+(.') W. (2.13) 


Proof. When A; = 0, Po,r(IF) = C is the identity element of R{W), so the conclusion is trivial. We may thus 
assume that k > 0. As before, we also assume that A is dominant. Multiplication by det(IT) is an invertible 
operation, so proving (I2.13h for A is equivalent to proving it for A + (I""). In particular, we may assume that 
A is a partition and that moreover Xn = 0. 

We consider the ordering of the partitions A with at most n parts induced by the graded reverse lexico¬ 
graphic order on their conjugates: more precisely, we say that A ^ /r if |A| > j^uj, or if |A| = \fj,\ and for the 
largest index i for which A' 7^ p'i has X[ > p'i- We prove (12.131) for all partitions A, by induction with 
respect to the said ordering. When A is the empty partition, (I2.13p coincides with (I2.12p . 

Assume now that Ai > 0 and consider the parititon p obtained from A by removing the last column of its 
Young diagram: the conjugate p' is given by p[ = X[ for i < Ai and /i' = 0 for i > Ai. We let I = X\^ denote 
the size of the column removed from A. Using the induction hypothesis for p X and Lemma 12.21 we get 


(pfc,r(IU) ® 5^W) G 



(2.14) 


Consider the collection of partitions V = {a : a/p is a vertical strip of size /}, so that 


5^IUG 
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and note that A € P and that a ^ A for every X ^ a G V. We can then rewrite the left hand side of (j2.14p 
as 

^Pk,rm(S>S^W, 

a&V 

SO in order to prove pdlljl for A it is sufficient to show that the right hand side of (j2.14p is equal to 

E 

aGV 

Since V = {^ + (l*^) : J G dominant}, we only have to check that when a = /r + (l"^) is not 

dominant then 

= 0. (2.15) 

Note that the only way in which a = /r + (l"^) can fail to be dominant is if for some index j, fij = Pj+i and 
j ^ J, {j + 1) € J. Fix such an index j, and note that Oj+i = aj + 1. It follows from (j2.2l) that when I C [n] 
is such that both j,j + 1 € /, or both j,j + 1^1, then = 0. To show (I2.15p it is then enough to 

prove that 

= (2.16) 

/g(N) j.g(W) 

There is a one-to-one correspondence between the collection of subsets I with j G I, {j + 1) ^ I, and subsets 
I' with j ^ (j -|- 1) G given by T = (/ U {j -|- 1}) \ {j}. Moreover, for such a pair I, I' it follows from 
(|2.1h that (because a + (r^) -|- <5 is obtained from a -|- {r^') -|- (5 by switching the 

j-th. part with the (j -|- l)-st part), which proves (|2.16l) and concludes the proof of the lemma. □ 


V^e(M) 


2.2. Bolt’s theorem for Grassmannians |Wey03 Ch. 4]. We consider X = G{k,V), the Grassmannian 
of /c-dimensional quotients of V (or A:-dimensional subspaces of VF = V*), with the tautological sequence 


7^ 


VGOx 


Q 


(2.17) 


where Q is the tautological rank k quotient bundle, and 77 is the tautological rank (n — k) sub-bundle. 
Bott’s Theorem for Grassmannians |Wey03 Gorollary 4.1.9] computes the cohomology of a large class of 


GL-equivariant bundles on X. We only need a weaker version that computes Euler characteristics. 

Suppose that Al is a quasi-coherent GL(lF)-equivariant sheaf on X. We say that M has admissible (resp. 
finite) cohomology if its cohomology groups {X,M) are admissible (resp. finite) for j = 0, • • • ,dim(A7). 
We can therefore make sense of the Euler characteristic of Xi as an element of r(lF) (resp. R{W)). We 
define the Euler characteristic of Xi to be the virtual representation 

k-{n—k) 

x{XM)= Y ( 2 . 18 ) 

i=o 


Theorem 2.4 (Bott). Let a G ^dom ^ ^ ^dom dominant weights, and let A = (a,/3) G Z” be their 
concatenation. The Euler characteristic of SaQ® SpR is given (with the convention 112.1\) } by 

x{X,SaQGSfsTZ) = SxV. 


We can now give an alternative interpretation of the elements pk^r introduced in (12.1211 : 
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Lemma 2.5. If we let = /\*(7^(8i Q*) denote the sheaf of i-differential forms on X, and write Ox{I) = 
det(Q) for the Pliicker line bundle on X, then 

k-{n—k) 

pkAy)= E {-iy-x{x,nAr)). 

1=0 

Proof. Cauchy’s formula |Wey03[ Cor. 2.3.3] yields 

i 

/\{n®Q*)= 0 s^Q*^s^,n. 

IJ,€:P{k,n—k), 1//!=^ 

Twisting by Oxir) = det(Q)®’’ = and taking Euler characteristics, we get using Theorem 12.41 

X{X,XlxiA) = ^ 

fi£P{k,n—k), |/i |=2 

Using dlJ]) with A = 0, we get S(^r-kik,r-nk-i,- ,r-niPv- K-k)^ = (-1)1^1 ■ 5’(^/)U, so 

k-{n—k) 

{-iy-x{x,nAr))= Ap)V=PkAy)- □ 


i=0 


2.3. D-modules [BCK+ST , |HTT08] . For a smooth algebraic variety X over C, we let T>x denote the 
sheaf of differential operators on X [HTTPS] Section 1.1]. A P-module A4 on A (or a Px-module) is a 
quasi-coherent sheaf A4 on A, with a left module action of Px- 


Definition 2.6. Let G be an algebraic group acting on A, and let At be a Px-module. Differentiating the 
action of G on A yields a map d : Lie(G) —?> Derjv from the Lie algebra of G to the vector fields on A. The 
Dx-module operation 

Vx0M^M, (2.19) 

composed with d yields an action of Lie(G) on M. The Dx-module Xi is G-equivariant if 

(a) Xi admits an action of G compatible with (I2.19p (see [HTTPS] Def. 11.5.2] for a precise meaning of 
compatibility). 

(b) The action of Lie(G) on Xt obtained by differentiating the action of G on Af coincides with the one 
induced from d : Lie(G) —>■ Der^ and (|2.19l) . 

As discussed in the Introduction, examples of G-equivariant holonomic Dx-modules are Ox, and for a 
G-invariant subset Y C X, the local cohomology modules HyiX, Ox), as well as the intersection homology 
P-modules C{Y,X). When A = [/ is a vector space, and Y = {P} is the origin, we let 

E = £({P},C/) = n^^^^\u,Ou), (2.2P) 

be the unique simple T>;7-module supported at the origin. As a vector space (and a G-representation) 

E = det(G)®Sym(C/). (2.21) 

The following theorem gives a classification of the simple equivariant holonomic D-modules, for a group 
action with finitely many orbits (see [HTTPS] Section 11.6]): 

Theorem 2.7. Let G he an algebraic group acting with finitely many orbits on a smooth algebraic variety A. 
There is a one-to-one correspondence between: 
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(a) Simple G-equivariant holonomic Vx-modules. 

(b) Pairs iO,L) where O is a G-orbit, and L is an irreducible G-equivariant local system on O. 

(b’) Pairs {O, L) where O is a G-orbit, and L is an irreducible representation of the component group of 
the isotropy group of O. 

Here by the isotropy group of O we mean the stabilizer of any element in O (they are all isomorphic). For an 
algebraic group H, we denote by Hq the connected component of the identity, which is a normal subgroup 
of P[. The quotient H/Hq is called the component group of H. 

Remark 2.8. When the representation L in Theorem 12.Tf b’i is trivial, the corresponding Px-module in part 
(a) is C{0,X), where O is the closure of O. It follows that in the case when the isotropy groups for the G- 
action on X are connected, there is a one-to-one correspondence between simple G-equivariant Px-modules 
and orbits of the group action. 

Let m > n be positive integers and consider the complex vector spaces M of general m x n matrices, 
M®ymm of n X re symmetric, and of re x re skew-symmetric matrices respectively. These spaces admit 

a natural action of a group GL via row and column operations: GLm(C) x GL„(C) acts on M, and GL„(C) 
acts and We write Mg (resp. for the subvariety of M (resp. consisting 

of matrices of rank at most s, for s = 0, • • • , re, and for the subvariety of M®*^®"" consisting of skew- 

symmetric matrices of rank at most 2s, for s = 0, • • • , [n/2j. We have the following: 

Theorem 2.9 (Glassification of simple GL-equivariant holonomic P-modules on spaces of matrices). 

• (General matrices). There are {n-\- 1) simple Gh-equivariant 'D-modules on the vector space M of 
m X n matrices, namely the intersection homology "D-modules C{Ms, M), s = 0, • • • ,re. 

• (Symmetric matrices). There are (2re -|- 1) simple GL-equivariant D-modules on the vector space 
M®ymm of n X n symmetric matrices, (re -|- 1) of which are the intersection homology D-modules 
^(^symm, ^symm)^ S = 0, • • • , re, while the remaining ones are the intersection homology D-modules 
^(^symm, ^symm. ;^/2), S = 1, • • • , re, corresponding to the non-trivial irreducible equivariant local 
systems on the orbits. 

• (Skew-symmetric matrices). There are ([n/2j -|- 1) simple GL-equivariant D-modules on the vector 
space M®*^®"" of n x n skew-symmetric matrices, namely T(M|’^®", M®^®'^), s = 0, • • • , Ln/2J. 

Proof. The theorem follows from Theorem 12.71 and Remark 12.81 since the isotropy groups for general and 
skew-symmetric matrices are connected, while for symmetric matrices the isotropy groups of the non-zero 
orbits have two connected components. □ 

2.4. Computing Euler characteristics. Let X be a smooth complex projective algebraic variety and 
denote its dimension by dx- Consider a finite dimensional vector space U, and a short exact sequence 

0 —— >U®Ox —>V —^0, (2.22) 

where r] are locally free sheaves on X. We think of U* as an affine space, and of U as linear forms on U*. 
We let Y = Totx(i?*) denote the total space of the bundle r]*, and define a morphism n : Y U* via the 
commutative diagram 

Y = Totx{ri*)^ - ^U*xX (2.23) 

U* 

where the top map is the inclusion of r]* into the trivial bundle U*, and the vertical map is the projection onto 
the U* factor. We will be interested in understanding the (Euler characteristic of the) P-module pushforward 
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f^A4 along the map vr for certain Py-modules Ai. For affine morphisms X' —)• X, we will identify freely 
quasi-coherent sheaves on X' with quasi-coherent Ox'-modules on X as in [Har77[ Exercise 11.5.17(e)]. 

We let S = Sym0^(77), so that Y = Spec^(<S), and consider a locally free sheaf L of rank one with 
C C Sym®(7/) for some i > 0. We pull-back C to Y, define L = Toty(/l*) to be the total space of the line 
bundle C*, and write p : L ^ Y for the natural map. The inclusion C C Sym*(?7) defines a section z :Y ^ L 
of p [Har77[ Exercise 11.5.18(c)], and we define Z to be the zero-locus of z. If X = Spec(C) then Y is an 
affine space, <S is the ring of polynomial functions on Y, C corresponds to (the vector space spanned by) a 
polynomial / G 5 of degree z, and Z is the vanishing locus of /. 

We consider the complement Y^ = Y \ Z and let j : Y^ —Y denote the inclusion. Since j is an affine 
open immersion, Jj Oyo = Oyo can be thought of as a quasi-coherent sheaf of algebras on Y (or on X): 

Oyo = Ih^ £■’’ ® Oy = Ih^ ® 5. 

r r 

In the case when X = Spec(C), we have Oyo = Sf is the localization of S at /, which is a T>-module on the 
affine space Y. We define the quasi-coherent sheaf on X (the graded dual of <S) by 

5^ = det{r]*) (?) Symc)^(r/*). 


Proposition 2.10. With the notation above, we assume that X admits an action of a reductive group 
G, that U is a finite dimensional G-representation, and that r/, L are G-equivariant locally free sheaves. 
Assume further that we have an isomorphism of G-equivariant quasi-coherent sheaves on X 


Oyo ~ Vi^C ( 8 ) 5 ^. 
r 


(2.24) 


Let M he a Vy -module which is isomorphic, as a quasi-coherent G-equivariant sheaf on X, to Oyo 0Ox 
with C a line bundle on X. We denote by the sheaf of i-dijferential forms on X, and assume that for 
every z = 0, • • • ,dx the sheaves 14]^ (g) Xf (8idet(^*) (8* Sym^^^ (^*) have G-admissible cohomology. If we define 
the sequence Pr{X, C] C) G r(G) via 


then 


d-x 

PfiX, c- C) = . x(X, 

i=0 



lim P^(X,£;£') ®det(t/*) (8)Symc([/*). 


(2.25) 


Remark 2.11. We will apply Proposition 12.101 in the case when X = G{k,V) is a Grassmann variety, and 
£ = Ox(l) is the Pliicker line bundle (or its square). It follows from Lemma 12.51 that 

Pr{X,Ox{lfiOx) = (-!)"("-") •Pfc,r.(P). 

It follows that if X = G(/c,Vi) x G{k,V 2 ), where dim(Vi) = rrz, dim(V2) = n, and if £ = Ox(l,l) then 
Pr{X,Ox{l);Ox) = (-1)^'(—) ■pkAVi)GPkAy2). 


Proof of Provosition \2. KA Since the sheaves ® A4 8> det(^*) 8> Sym(p^(^*) have admissible cohomology, 
it follows from |Rail4l Corollary 2.10] that 

) dx 

= ^(-1)'^^- . ;^(X, det(r) ® Symo^ (t ))• (2.26) 

i=0 

Computing Euler characteristics commutes with colimits and associated graded constructions. By (I2.22p we 
get a filtration of U* G Ox with gifiU* G Ox) which yields a filtration of Sym^^^ (U* G Ox) with 
















CHARACTERS OF EQUIVARIANT D-MODULES ON SPACES OF MATRICES 


13 


gr(Symc)^([/* (8)0x)) = Sym(p_^ (^*) (g) Sym(p^ (r/*). We also get that dei{U* ®Ox) = det(^*) (g) det (?/*), and 
therefore 

x(X, ® (g) (g> <S^ (g) det(^*) (g> Sym^^ (^*)) = x(X, 17^ ® C' ® C ® det{U*) (g) Sym^^ {U* (g> Ox)) 

= x(X, IS) C ) S) det{U*) (g) Symc(17 ). 

Multiplying this equality by (—1)'^^“*, summing over i = 0, • • • ,dx, taking the limit as r —^ oo, and using 
the identification ()2.24p tensored with C, we get (j2.25l) . □ 


2.5. The Weyl algebra and the Fourier transform. For a positive integer N, the Weyl algebra 

Cfxi,--- ^dx], ^ (2-27) 

is the ring of differential operators on C^. In this section we give a coordinate independent description of 
the Weyl algebra, and use it to describe the Fourier transform. 

Given a finite dimensional C-vector space U of dimension N, we write (,) for the natural pairing U xU* ^ 
C. We let U = U (B U* and define a non-degenerate skew-symmetric form oj : U SU —?> C by 


u}{u, u') = < 


{u,u') it u € U, u' S U*, 

-{u',u) itu'€U,uSU*, 
0 otherwise. 


We write Tn{U) for the tensor product C/®"', and let T{U) = 0„>o7n(^) denote the tensor algebra on U 
We have a natural inclusion /\^ U C T 2 {U), and define the Weyl algebra Vu* as the quotient 


2 

Vu* =T{U)/{x-uj{x):x€/\U) (2.28) 

of the tensor algebra by the bilateral ideal generated by differences x — uj{x), with x S /\^ U. Note that Vu* 
is the ring of differential operators on the vector space U*. If we choose a basis xi, • • • ,xx of U, and the 
dual basis di, • • • ,dxotU*, then Vu* coincides with (I2.27P . 


Lemma 2.12 (Fourier transform). If M is a (left) 'Djj-module, then det(f7*) ig) M has the structure of a 
(left) Vu*-module. 

Example 2.13. The most basic example is when M = Sym(C/*) is the coordinate ring of U. In that case 
det{U*) (gi Sym(C/*) is equal to E, the simple holonomic I?(7*-module supported at the origin (see (12.201) 1. 

Proof of Lemma \2.1^ Using the identification of U* with U coming from the natural isomorphism U* (BU 
U ©[/*, it is easy to see that Vu* ~ V^f, where °p denotes the opposite ring. Since M is a left Pf/-module, it 
is also a right P^*’-module, i.e. it can be identified with a right )Dt/*-™odule. The canonical sheaf uiu* on the 
vector space U* is a free rank one module generated by det{U). By [HTTOSP Prop. 1.2.12], the association 
M i-A uj^l (g) M = det{U*) (g) M gives an equivalence between the categories of right Pj/*-modules and left 
-modules. □ 


Motivated by Lemma [2.121 we define a Fourier transform relative to U, denoted Eu, on the Grothendieck 
group F(G) of admissible G-representations as follows: 

Eu (X] = Z] • (det(t/*) © M*). 


(2.29) 

















14 


CLAUDIU RAICU 


The context in which we apply the Fourier transform is as follows: we will have constructions which are 
functorial in U for certain T>( 7 -modules Mu which are admissible representations for some group G, in such 
a way that 

M [7 = 0 if and only if Mu* = 

i i 

By Lemma [2.121 the Fourier transform of the T>[/*-module Mu* has character equal to J^uiYli^^i ' ^i)- We 
will slightly imprecisely refer to this as the character of the Fourier transform of Mu- 

2.6. A little linear algebra. Consider a finite partially ordered set V, and let A denote the free abelian 
group with basis {Vp : p G V}. We write p y q to indicate that p is strictly larger than q with respect to the 

partial order, and p q when we allow equality. Assume that J- : V —> V is an order reversing bijection, 

i.e. p q if and only if T{q) ^ J^ip)- By abuse of notation, we also write T : A —)■ A for the induced 
automorphism of A, given by T'(tip) = Dj'(p)- We have the following: 

Lemma 2.14. Suppose that we have a collection of elements Vp G A forp G V, for which there exist relations 

Vp = tip + Oq • t>q, for some integers a^. (2.30) 

qyp 

If the automorphism T of A permutes the elements Vp then Vp = Op for all p gV (and hence all Oq = 0). 
Proof. Write IF{vp) = ^^-(p) for some permutation a : V —>■ V. Applying IF to (I2.30|] we get 

^o-(p) = ^T{p) + ^ 
q>-p 

which is necessarily a permutation of the relations (j2.30p . Since F is order-reversing, it follows that cr(p) = 
F{q) for some q P p, and if a{p) = F{p) then one also has ^^-(p) = Oj-(p), i.e. Og = 0 for all q>- p- We get 
that F{p) a{p) for all p gV, and the equality F{p) = a{p) implies ^^-(p) = t)jr^py An easy induction on the 
height of F{p), defined by ht(T'(p)) = #{q : F{p) >- q}, shows that F{p) = a{p) for all p, which concludes 
the proof of the lemma. □ 

3. Some limit calculations in the Grothendieck group of admissible representations 

Recall the terminology from Sections I2.1.11l27l.3l which we will be using freely throughout this section. 
In particular recall the notation F(G) for the Grothendieck group of admissible G-representations for some 
group G, and the definition of Pk,r(y) from (12.121) (also Lemma l2.5p . When IT is a vector space, we write 
V = W* for its dual. In this section we compute in three cases limits in F(G) of the type 

lim pkr^E-, (3-1) 

r—>-co ’ 

where {pk,r)r is a sequence of finite virtual G-representations, E = det{U) ® Sym(t/) is the (character of 
the) simple (D[/-module supported at the origin (I2.20p . where 1/ is a finite dimensional G-representation: 

• U = Sym^ IF, G = GL(IF) (so that F(G) = F(IF)), pk^r = Pk,r{V). The limit (|3.ip does not exist if 
r is arbitrary, but instead we have to consider the cases when r is even resp. odd separately. 

. G = IFi G IF 2 , G = GL(ITi) x GL(IF 2 ) (so that F(G) = F(IFi, W 2 )), Pk,r = PkA^i) ®PkA^ 2 )- 

• U = IF, G = GL(IF), pk^r = Pk,r{V) with k even. 

As mentioned in the Introduction and explained in Section 12.41 the limits (13.11) correspond to Euler char¬ 
acteristic calculations for certain P-module direct images. They are essential to the character calculations 
in Sections HHS] below. The reader who is not interested in the details of the limit calculations may wish to 
record the results of Propositions 13.1113.51 and 13.61 below, and skip to Section 01 
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3.1. Symmetric matrices. We let W he a vector space of dimension n. For s = 0, • • • , n and j = 1,2, we 
define the elements G r(f^) via 

0 (3.2) 

AgCJ(s,n) 

where C^{s,n) is defined in m- 


Proposition 3.1. If E = det (Sym^ IF) (8> Sym (Sym^ TF) then for /c = 0, • • • ,n, 


( ^ 


(- 1 )*' 


n—k) 


lim 

r—>-oo 

\r=k+l (mod 2) 


Pk,r{v) (g) f; = < 


E 


s-2 

2 

n—k—2 


s=n—k 2 

s even 


■2:1+ E 


s-1 

■ 

n—k I -5 


s=n—k-\-l ^ 2 
s odd 


if n — k even, 


E E („Fi)-«:l <fn-kodd. 


s=n—k 2 
^ s odd 


s-2 


s=n—k-\-l 2 

s even 




n—k) 


^li^ Pk,r{V) ®E \ = < 

\r=k (mod 2) / 


s 
2 

n—k 
s=n—k ^ 2 


E 




if n — k even, 


5 — 1 


s=n—k ^ 2 

5 odd 


{ n-l-i ] ifn-k odd. 


When fc = 0 the above equalities are easy to verify: Pk,r{V) = C is the trivial representation, so the left 
hand side reduces to E, regardless of the parity of r; the right hand side is either or but E = = 

We therefore fix 1 < /c < n for the rest of this section. We begin with some notation and preliminary results 
before proving the proposition. For j G Z/2Z we let 

= {A G : Aj = n + 1 + j (mod 2) for z = 1, ■ ■ ■ , k}, 

C>»+1 = P ■.\ = n + l + j (mod 2) for z = 1, • • • ,n — k, and \n-k > n + 1}. 

With the convention Aq = oo, A„+i = —oo, we define for s = 0, • • • , n, 

^(®) = {A G Zjqjjj : As > s + 1 > As+i}, 

and note that the sets 2{s), s = 0, - ■ ■ , n form a partition of ^ ^ Z/2Z we let 


(3.3) 

(3.4) 


cEzV I ) \ ^ \ for z = I,--- ,s, 

C ’J(s) = < A G Z{s) : Ai = < . 

J, for z = s + I,-- - ,rz 


1, J] SaTF. 

■J XgC^^Hs) 


(3.5) 


AgC'*J(s) 

Comparing with (jl.ip we get that C^{s,n) = U + 1) and C‘^(s,n) = so 


_ ^s+l,s+l 


+ c 


5 + 1,5 + 1 

5 + 1 ’ 


and dt = € 


2 _ ^5 + 1,5 


Lemma 3.2. If I G (M), X^I) G and X‘^{I) G then 

• A G Z(s) for some s = n — k, ■ ■ ■ ,n. 

• {s + 1, • • • ,n} C I. 

• Xs+i = ■■■ = Xn^ j (mod 2). 


(3.6) 
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Proof. Consider the unique s for which A G 2{s). Let s' be the maximal element of and assume that 
s' > s. We have (using (I2.5[) i that in = s' and therefore A*' < A^+i < s + 1 and 

\^{I)n-k = re + Ai„ — in = re + A^/ - s' < n + s + 1 - s' < n + 1, 

which contradicts A^(I) € C^n+v follows that s' < s and hence {s + 1, • • • , re} C /, which implies re —s < k, 
or s > n — k. From (12.Sp we get 

it = t + re — A:fort = A: — re + s + 1,-- - ,k, 
which using the fact that A^(/) G yields for t = A; — re + s + l,-- - ,k 

(mod 2) 1 

re + l + fe + l+j = A [Ijt = t + Ajj — it = t + Xt^n-k — {t + n — k) = Xt^n—k + k — n 


so At+n-fc = 3 (mod 2), concluding the proof of the lemma. □ 

Lemma 3.3. Assume that A G .H(s) and that there exists an index 1 < i < s such that Xi ^ At+i (mod 2). 
For any j G Z/2Z, consider the collection 

VxU) = : Ai(/) G C'=+'+^ A2(/) g C^n+i} • (3.7) 

We have (using notation i2.8\) ) 

sgn{a{I)) = 0. (3.8) 

Proof. We show that if / G V\{j) then exactly one of i,i + 1 is contained in I. Moreover, we show that the 
assignment I' = I \ {i} U {i + 1} establishes a bijection between 

{/ G VxU) : i G /} and {/' G Vx{j) : i + 1 G /'}. (3.9) 

Since sgn(iT(/')) = — sgn((T(/)), the conclusion (|3.8I) follows. 

Assume that I is such that i, i + 1 are both in I, or both in I^. We can then find t < k or t > k such that 
it = i and i^+i = i + 1. If i < A: then X^{I)t ^ A^(/)t+i (mod 2), contradicting A^(I) G C^+^+3 . li t > k 
then X^{I)t-k ^ X^{I)t-k+i (mod 2), contradicting X^{I) G 

Choose now a set I with i G I, i + 1 G and choose to < k, ti > k + 1., such that it^ = i, iq = i + 1. If 


we let I' = I \ {ij U {i + 1} then X^{I)t = X^{I')t for t ^ to, and X^{I)t = X^{I')t for t ^ ti — k. We have 

A^(7)io = to A Xi — i, X^{l')tQ = to + Ai+i — (i + 1), 

X‘^{I)ti-k = ti + Ai+i — (i + 1 ), X‘^{l')ti-k = tr + Xi — i, 

and since A^ ^ Aj+i (mod 2), we get X^{I)t = A^(/')t (mod 2) and A^(/)i = X^{I')t (mod 2) for all t. Since 
A^(/)t^_fc < A^(/') 4 ^_fc, the only way in which the correspondence I ^ I' could fail to induce a bijection 
dSSI) is if for some 1,1' we get ti = re and X^{I)n-k < re < re + 1 < X‘^{I')n-k, m which case A^(/) 0 C%n+i^ 
but A^(/') G C^n+i- However, the inequality X^{I)n-k < re would imply 

A^(/)q_fe = ti + Ajj^ - zti = re + A^+i - (z + 1) < re or equivalently A^+i < z + 1. 

Since z < s by hypothesis, we get A^ < Aj+i < (z + 1) < s, contradicting the fact that X ^ Z{s). □ 

Lemma 3.4. If X ^ C^'^{s), s > n — k, then there is a one-to-one correspondence between elements Vx{j) 
and the set (defined in ^2.1(Kl ). Moreover, for every I G Pxij) we have 

sgn(a(/)) = (-l)(^-^)'(fc+'^), 

and Vxij) is empty if h = s = j + l (mod 2). 
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Proof. The correspondence between sets I G (resp. their complements and partitions G P{k,n — k) 
(resp. their conjugates is given in (12.31) (resp. (I2.4p i. If / € 'P\{j) then it follows from Lemma (3^ that 
s + 1, • • • ,n are the largest elements of /, namely ik-n+s+i, ■■■ ,ik, so fj,i = ■■■ = Hn-s = n — k. The set 
I is then determined by 71 = ik-n-s+i," ' ^k-k) £ P{k — n + s,n — k). Since A G the condition 

A^(/) G is equivalent io = n — k + j — h (mod 2). The condition A^(/) G C^n+i equivalent to 

/i' = n + 1 — /i (mod 2), which in turn is equivalent iofl[ = s + l — h (mod 2). It follows that I G VxiJ) if 
and only if /I G 72 — fc), which establishes the desired bijection. Moreover 

sgn(a(/)) = (-l)l'^l = (-l)l^'l = (_i)(^-fc)-(n+i-/i) = (_i^(n-fc).(fc+h)^ 

where the last equality follows from the fact that {n — k) ■ {n + 1 — k) is even. lih = s = j + l (mod 2) then 
\P\U)\ = \P^~^~^^’^{k — n + s,n — k)\ = 0 by Lemma[%TJ □ 

Proof of Proposition \3.1\ We have 

{S>W,Pk,r{y)®E) = {S>W®Pk,r{W),E)^^^ Y, sgn{a{I))-{S^rpW,E) . 


Since det(Sym^ IT) = det(IT)®i’^+^i = 5( „_i_i)nIT, we get using Cauchy’s formula |Wey03 

E = det (Sym^ IT) ® Sym (Sym^ IT) = 0 5 aIT. 


'^^^domAn>ri+l 
Ai=n+1 (mod 2) 


Prop. 2.3.8] that 


Using notation (|2.6H2.7I) and (|3.3p we obtain for r » 0 

(5A(.,/)IT,i?) = 

It follows (using notation (j3.7p l that for j G Z/2Z 


1, if A^I) Gr and A2(/) gC 
0, otherwise. 


0 

>n+li 


lim 

r^oo 

r=k-\-l-\-j (mod 2) 


PkA^) '^E = E E sgn(c7(/)) j • 5aIT, 
\igVxU) 


(3.10) 


and by Lemmas 13.21 and 13.31 we only need to consider X G 2{s) for s > n — k such that (for some h G Z/2Z) 
Ai = • • • = As = /i (mod 2) and A^+i = ■■■ = An ^ j (mod 2), 
i.e. A G C^’f(s). Multiplying both sides of (l3.1Up by ^nd using Lemma HTTl we get 

\ 


(- 1 )- 


k-(n—k) 


^li^ Pk,r(V)2>E 

(mod 2) 

yr = k+l+j j 




n—k<s<n 

h=j,j+^ 


We separate the contributions of the right hand side according to two cases: 
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Terms with h = j + 1: By Lemma 13.41 we can consider only the terms with s = j (mod 2), in which case 


we get from (I3.6p that We have 


\P'^-^+^-h^^+^-h{k-n + s,n-k)\ = |P^-^+i’°(fe-n + s,n-A:)| LemmaO ^ 


n—k—1 


s-2 

2 

n—k—2 


n — k odd, 


n — k and s even, 


otherwise. 


Comparing the coefficient of in Proposition 13.11 with (—. ^pn-k+j-h,s+i-h(^j^ _ 
each of the cases j = 0,1, and (n — k) even and odd, we see that they agree. 

Terms with/i = j: The terms with s = j + 1 (mod 2) contribute with coefficient 

(_l)ffi-fc)'^ . — n + s,n — k)\. The terms with s = j (mod 2) contribute with co¬ 
efficient (—^ For s = n — k we get \P'^~^’^{k — n + s, n — A:)! = 0 so 

only appears for s > n — k. Observing that |P"“^’^(/c — n + s,n — A:)| = |P”“^’^(A: — n-|-s + l,n — fe)| for 
s > n — k, and using in (13.611 . we conclude that the terms with h = j contribute 

^ |pn-fc,0(7t_„ + g,n-A;)| -G:!, 

s=j+l (mod 2) 

where 

n — k even. 


n — k and s odd. 


otherwise. 

Comparing with the coefficient of Gl^ in Proposition 13.11 we conclude the proof of the proposition. □ 


fAiJ 


P’*-^’°(fc-n + s,n- 


Lemma l2. II 


2 

n—k 

2 


s—1 

2 

n—k— 


3.2. General matrices. For positive integers m > n and for s = 0, • • ■ , n, we let 

^(s; m, n) = {A G ■ Xs > s + m - n, A^+i < s}. (3-11) 

If A G A{s‘,m,n) then we define a dominant weight A(s) G by 

A(s) = (Ai - (m - n), • • • , A* - (m - n), s,-- , s , A^+i, • • • ,Xn) (3.12) 

m—n 

For vector spaces VFi, IF 2 , with dim(VFi) = m, dim(W 2 ) = n, and s = 0, • • • , n we define 21^ G r(VFi, IL 2 ) by 

21. = 0 Sxis)Wi®SxW2. (3.13) 

XeA{s;m,n) 
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Proposition 3.5. We write VP = VKi 0 W 2 . If E = det(VP) 0 Sym(VP) then for k = 0, - ■ ■ ,n, 


. ( lim Pk riVi) 0 Pk r{V2) ® e] = Y • 

\r—>-oo ’ ’ / ^ 

s=n—k 


s — n + k 


•a,. 


Proof of Provosition \3.5[ Consider dominant weights 5 G and A € ^dom’ 

6 = S-{n^), X = X-{m^). (3.14) 

We obtain using (|2.9p . (I2.13p . and easy manipulations that ( 5 '^VPi 0 SjW2,Pk,r{yi) ®Pk,r{y2) 0 E'^ equals 

Y sgn(a(/)) • sgn(cT(J)) • {Ss^rpWi 0 Sx(r,j)W 2 , Sym(iy)) . 

YY Yf) 

Using (IZZ3) and writing |u|(0”^ ”■) for the sequence obtained by appending m — n zeros to p, we get for r 0 


{SsirpWi 0 Sxir,j)W 2 , Sym(W)) = 


' 1 , if 6\I) = X\J), 6^{I) = A2(J)|(0”*-’^), and 5^{I) € Z; 
0, otherwise. 


m—k 
>0 ’ 


Let u G {0, • • • ,m} be the unique index such that 6u > u — m > 5^+1 • The condition S‘^{I) G is 

equivalent to the inclusion {u + 1, • • • ,m} C /, which implies u > m — k. When m> n, the last m — n entries 
of being 0 forces 5u = 6u-i = ■ ■ ■ = 5u-m+n+i = u — m, and all the elements u,u — l,--- ,u — m + n + l 
to be contained in P = [m] \ I. We modify 6 and I as follows: we consider S G ^ ^ dehned by 

S — ((ii, • • ■ , Su—m+nj ^li+i i'kn u), • • • , 6fYi (rt- ^))) 

7 = {n, • • • , ik-m+u, U + I - {m - n),u + 2 - {m - n), ■ ■ ■ ,n}, 
so that = [n]\I = E\{u, u—l, • • • , tt—m+n+1}. The conditions <5^(1) = A^(J) and = A^(J)|(0™'“"') 

are then equivalent to <5 (I) = A^(J) and 6 (!) = A^(J). Since both A, 5 are dominant weights, these 
equalities can only hold for 6 = X and I = J. Note that the freedom in choosing I (or / = J) is in the choice 
of an increasing sequence m < • • • < ik-m+u inside {1, • • • ,u}, i.e. there are choices for I once we 

fix 5. Writing s = u — m + n we get 

s > (m — k) — m + n = n — k, 

Xs — hs — 6ii—m-\-n P P 'U m — S 71, 

As +1 = Su+i — {m — n) < (u — m) — (m — n) = {s — n) — {m — n) = s — m, 

and moreover 

5 = (Ai, • • • ,Xs,s -n,--- ,s -n, A^+i + (m - n), • • ■ , A^ + (m - n)). 


It follows (using (I3.12h . (I3.14p l that 6 = A(s). Since sgn(cr(I)) = (—1)^”^ n)-(m u) . sgn(cj(/)), it follows that 
if I = J and m — u = n — s then 

sgn(a(/)) •sgn(u(J)) = (_i)(™-)-(n-U. 

Putting everything together, and using YfY+v) ~ (s-n+fc) ’ obtain for r >> 0 


0 53^W2,Pfc,,(Ui) 0pfc,,(U2) (^E) = 




S — n + k 


if A G ^(s; m, n) and 6 = X(s) 

for some s > n — k, 
otherwise. 
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Multiplying by 


and taking the limit r —>■ oo yields the desired conclusion. 


□ 


3.3. Skew-symmetric matrices. For a positive integer m and for s = 0, • • • , m, we let 
B{s, 2m) = {A € : X 2 s > (2s - 1), A 2 S +1 < 2s, A 2 i-i = X 2 i for all z}, 

B{s, 2m + 1) = {A G : A 2 S +1 = 2s, A 2 j-i = X 2 i for i < s, X 2 i = A 2 i+i for i > s}. 

For a vector space W with dim(VF) = n, and for s = 0, • • • , m = [n/2j we define 55^ G r(VF) via 


(3.15) 


0 SxW. (3.16) 

\GB{s,n) 

Proposition 3.6. If E = det VF^ 0 Sym and k = 0 , - ■ ■ ,m = [n/ 2 j, then 

my ■. 

lim P 2 k,r{V) ® -E = y] ( 7 ) • 

r^oo \m — k J 

With m = [n/2j and 1 < A; < m, we define the following collections of dominant weights 
= {A G Zdom : A 2 i-i = A 2 i for z = 1, • • • , A:}, 

2fc ' ^ ) 

B>n -1 = {A G : A 2 j -1 = A 2 j > n - 1 for z = 1, • • ■ ,m-k, Xn- 2 k = n - 1 if n is odd}. 

We partition following collections of dominat weights F’(n), zz = 0, • • • ,n, defined by 

yiu) = {A G : A, > n - 1 > A,+i}, (3.18) 

In analogy with Lemma 13.21 one can prove: 

Lemma 3.7. If I & ( 2 I!)’ conditions A^(/) G B and A^(/) G B>n-i are equivalent to 

• A G y{u) for some u = n — 2k, ■ ■ ■ ,n. 

• {zz + 1, • • • ,n} C I. 

• \ 2 t -1 = ^i 2 t Z 2 t = Z 2 Z -1 + 1 for all t = 1, ■ ■ ■ ,m. If n is odd then u € E is odd and Xu = u — 1. 

Lemma 3.8. Assume that A, / satisfy the equivalent conditions in Lemma \3.7\ If n = 2m is even then 

{(*1,^2), (*37*4), •• • , (f2m-i,f2m)} = {(1, 2), (3, 4 ) , • • • , (2m - 1,2m)}. (3.19) 

If n = 2m + 1 zs odd and if we write zz = 2s + 1, then we have 


{(fi,* 2 ),(f 3 ,* 4 ),-- - , (f 2 m-i,f 2 m)} = 1(1, 2),-- - , (2s - 1, 2s), (2s + 2, 2s + 3), • ■ ■ ,(2m,2m + l)}. (3.20) 

Moreover, we have that X G B{s, n) for some s = m — k, ■ ■ ■ , m. 

Proof. The conclusions (j3.191[T20]) follow from the fact that zi, • • • ,in give a permutation of [n] with Z 2 z = 
i 2 t-i + 1; and z^ = zz is odd when n is odd. If n is odd and zz = 2s + 1, it follows from u > n — 2k that 
s > m — k. Moreover, we have A 2 S +1 = Xu = u — 1 = 2s, and it follows from ()3.20l) that A G B{s, n). 

Assume now that n = 2m is even. It follows from ()3.19l) that in is even, so we can write in = 2sh Since 
z„ + 1, • • ■ ,n G I, we get n — in < 2k, i.e. s' > m — k. Since z„ < zz, we have A 2 s' > A„ > zz — 1 > 2s' — 1. We 
have by (I3.19p that A 2 i-i = A 2 i for z = 1, • • • , m, so taking s to be the maximal index for which A 2 S > 2s — 1 
we find that s > s' and A 2 S +1 = A 2 S +2 < 2s + 1, i.e. A G B{s,n). □ 










CHARACTERS OF EQUIVARIANT D-MODULES ON SPACES OF MATRICES 


21 


Lemma 3.9. Let m = [n-/2j, and for m — k < s < m define the collection of partitions 

B{k, re/2 — k, s) = {/j, G -P(2/c, re — 2k) even for i = 1, - ■ ■ , re — 2k, = 2m — 2s, 

fii even for i = 2 m — 2s + 1, • • ■ , 2 k}. 


(3.21) 


Every partition /i G B{k, re/2 — k, s) has even size, and the cardinality of the set B{k, re/2 


\B{k,n/2 — A:, s)| 


(m-fc) if n = 2 m + I is odd] 
(ml'i-fc) 'If IT' = 2m is even. 


k, s) is given by 


Proof. Since each /i' is even, \ij.\ = |/i'| is even. To compute the size of B{k,n/2 — k,s) we first note that 
the condition fan_ 2 k ~ 2m — 2s implies that ;Ui = • • • = pL 2 m- 2 s = re — 2k, so any p. G B{k,n/2 — k,s) is 
determined hy Jl = {p 2 m- 2 s+i, • , h 2 k) £ P{2{k + s — m), re — 2k). Since Pn_ 2 k ~ must have 

fii < n — 2k. The condition p G B{k, re/2 — k, s) is then equivalent (using (j2.10p ) to 


77 G 


P^’^( 2 (k + s — m), 2(m — k)) 
P^’^( 2 (k + s — m), 2(m — 1 — k)) 


if re is odd, 
if re is even. 


By Lemma EH the number of choices for p is if it is odd, respectively if re is even. 


□ 


Lemma 3.10. Assume that A G B{s,n) for some s > m — k. The collection of subsets I G (j^k) which 
A^(/) G B and A^(/) G B>n-i corresponds via 112. S\) to B'{k,n/2 — k,s), where 


B'{k, re/2 — k, s) 


B{k,n/2 — k,s) if n is odd, 

S 

B{k,n/2 — k,s') if n is even. 

^ s'=m—k 


Proof. Consider A G B{s, re) for s > m — k, and I G (^) satisfying the conditions of Lemma [3.71 If re = 2m+l 
is odd then = 2s + 1 and I contains 2s + 2, • • • , re, i.e. the corresponding p G P{2k, re — 2k) has 

Pi — ■ ■ ■ — p2m—2s — Tl 2k, P2m—2s+l ^ n 2k, 

SO Pn_2k ~ 2k < t < n we have that it < 2s, so Pt_2k = t — it is even by (I3.20p . The set of pi 

with 2m — 2s < i < 2k coincides with that of differences it — t for 1 < t < 2 {k — m + s), which are all even 

again by (|3.20l) and the fact that it < 2s for t < 2{k — m + s). 

Assume next that re = 2m is even, and use (|3.19D to write in = 2s'. As in the previous paragraph, 

this implies p'n- 2 k ~ 2"^ “ 2s'. By (j3.19p all the differences t — it are even, so all pi,p't are even. This 

shows that I G B{k,n/2 — k,s'). Since 7^ + I,-- - ,re G I we get as before s' > m — k. If s' > s then 

\^{I)n- 2 k = + n — in = A 2 s' + re — 2s' < A 2 S +1 + re — 2s' < 2s + re — 2s' < re — 2, a contradiction. 

The verification that p G B'{k,n/2 — k,s) yields a subset I with A^(/) G B and A^(/) G B>n-i follows 
easily by tracing back the arguments. □ 


Proof of Proposition \3.6i We have 

{SxW,p 2 kAy) ® E) = {SxW^p 2 kAW),E) sgn(^7(/)) {S 2 ,^r,i)W,E) . 


Using notation ()2.7p and ()3.17p we get that for r 0 


{S^r,I)W,E) 


1, if X\I) G B and X^I) G B>n-i, 
0, otherwise. 
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It follows that 


lim P2k,r{y) ® E = 


Lemmas 


E 


s=m—k 


E 

\GB(s,n) 


E 

/e(W) 

Ai(/)eB, a2(/)gb>„_i 

\ 

|/i| even 


sgn((T(/)) • SxW 


(-i)i^i5Avr 


/ 


I \B\k,n/2-k,s)\-SxW 

s=m—k \\^B{s,n) 


S 

m — k 


□ 


^fi£B'{k,n/2—k,s) 

If n = 2m + 1 is odd, then \B'{k, n/2 — A;, s)| = \B{k, nl 2 — /c, s)| = (^!_^), and the desired equality follows. 
Similarly, when n = 2m is even, we get 

|^'(A:,n/2 - A:,s)| = ^ |^(A:, n/2 - A;, s')| = ^ ^ i ^ r. 

\m — 1 — k 

s'=m—k s'=m—k 

4. Equivariant P-modules on symmetric matrices 

In this section we compute the characters of the GL-equivariant X>-modules on the vector space of 

symmetric nxn matrices. We let W denote a complex vector space of dimension n,V = W*, and we identify 
Sym^ W with where squares correspond to matrices of rank one. If we write GL = GL(IE), and 

let denote the subvariety of matrices of rank at most s then the main result of this section is: 

Theorem 4.1. There exist (2n + 1) simple GL-equivariant holonomic T-modules on namely 

f M®y““) if 3 (mod 2), 


" 1/2) ifj = s + l (mod 2), '' 


,n-l, j = 1 , 2 , 


and = £({0}, M®^™™). For all s,j, the character of Ci is €i fas defined in I13.S\} ). 

The remaining assertion of the Theorem on Equivariant P-modules on Symmetric Matrices described in 
the Introduction is the identification C/ = Fg^i/Fg-i for s = 0, • • • ,n: its proof follows closely the proof 
of Theorem 11.11 in the next section, so we leave the details to the interested reader. The classification of 
GL-equivariant holonomic simple P-modules is explained in Theorem 12.91 so we only need to check that <ti 
is the character of Ci. For k = 1, • • • ,n, we consider the situation of Section 12.41 with X = Xf- = G{k, V) 
and TZ, Q as in (12.171) . We let U = Sym^ V, rj = Sym^ Q. If we write Y = Y^, vr = vr^, then (12.231) becomes 


Yk = Totxfc (Sym^ Q 



Sym^ W X G(k, V) 


Sym^ W 


(4.1) 


Locally on Xk, Q* trivializes to a vector space of dimension k, and Yk gets identified with the space olkxk 
symmetric matrices. We take L = (detQ)®^, consider its GL-equivariant inclusion C C Sym^ r/ and note 
that C is locally generated by the symmetric determinant. If we let Y^ C Yk be the open set defined locally 
by the non-vanishing of the determinant, = Oyo is a (Dyj.-module. Note that Yjf maps isomorphically 
via TTfc to the orbit of symmetric matrices of rank k. As a GL-equivariant quasi-coherent sheaf on Xk 


Mi = 


© 


even 


SxQ= lin^ (det Q)®*" (?) det (Sym^ Q*) (g) Sym (Sym^ Q*) , (4.2) 

r=k+l (mod 2) 
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SO condition (I2.24|) is satisfied in our context. The Euler characteristic of the P-module pushforward A4^ 
is now easily computed as a consequence of Proposition 12.101 and of Remark 12.111 







lim 

r^oo 

(mod 


2 ) 


Pk,riV) ® det (Sym^ kP) (g) Sym (Sym^ W) 


(4.3) 


which is evaluated explicitly in Proposition l3.ll 

We next explain why (g det(Q) also has the structure of a 'Dy^.-module. Consider the etale double 
cover of defined locally by the square-root of the symmetric determinant. The structure sheaf O 1/2 

^ k 

is naturally a Pyo-module |CLni| and hence also a -module. It contains A4® so we can define A4], as 
the cokernel of the inclusion A49 c O 1/2. As a GL-equivariant quasi-coherent sheaf on A4l is given by 


Mi= 0 SxQ = Oyo g det(Q). 

odd 


(4.4) 


It follows that A4], satisfies the setting of Proposition 12.101 with C = det(Q) so we can compute the Euler 
characteristic of its direct image via vr^ as 


X 


( f A4].j = (—l)^d»^ fc) . I pfc^r(E) g det (Sym^ it) g Sym (Sym^ IP) 

/ \r=k (mod 2) ^ 


(4.5) 


which is evaluated in Proposition 13.11 We are now ready to prove the main result of this section: 


Proof of Theorem EH The classification of simple T>-modules follows from Theorem 12.91 so it remains to 
check that in r(IP) we have the equalities Ci = Cis for s = 0, • • • , n and j = 1, 2. The equalities (l4.3H4.5p 
together with Proposition 13.11 yield for s = 1, • • • , n and j = 1, 2, 

n 

Ci_, = integers albf. 

i=n—s-\-l 


Since Cf = det(Sym^ kP) g Sym(Sym^ 
equation above is also satisfied for s = 


IP) has character dh (by Cauchy’s formula |Wey03 Prop. 2.3.8]), the 
0. The Fourier transform A permutes the modules Cg, and it takes 


J'(eij) = for s = 0, • • • ,n and W(ei^) = for s = 0, • • • , n — 1. 

We can then apply Lemma [2.141 to the poset V = {(s,j) : s = 0, • • • , n — 1, j = 1,2} U {(n, 1)} with the 
lexicographic ordering given by (s,j) < if and only if s < s', or s = s' and j < j'. We let V{gj) = 

and 11(8J) = Cg, and conclude using Lemma [2.141 that Ci = for all s = 0, • • • ,n and j = 1, 2. □ 


5. Equivariant P-modules on m X n matrices 

In this section we compute the characters of the GL-equivariant P-modules on the vector space M of 
m X n matrices, for m > n. We consider kPi, kP2 vector spaces of dimension dim(kPi) = m, dim(kP2) = n, 
let Vi = kPt, and identify IP = kPi g kP2 with M, where tensor products wi g W 2 correspond to matrices of 
rank one. If we write GL = GL(kPi) x GL(kP2), let Mg denote the subvariety of matrices of rank at most s, 
and recall the notation (|3.13l) for the characters 2ls, then the main result of this section is: 
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Theorem on Equivariant T>-modules on General Matrices. The simple GL-equivariant holonomie 
V-modules on M are Ag = C{Mn-s, M), s = 0, • • • ,n, and for each s the charaeter of Ag is 2ts. When 
m = n, Ag is as deseribed in Theorem M.ll while for m > n it ean be expressed in terms of loeal cohomology: 

Om) = ^m). (5.1) 

We only need to show that 21^ is the character of Ag, and to prove Theorem 11.11 The classification of 
GL-equivariant holonomie simple P-modules is explained in Theorem 12.91 while (15.ip follows by comparing 
2ls with the characters of local cohomology modules from [RWW141 Thm. 4.5] and |RW14l Thm. 6.1]. 


Proof of Theorem \l.l[ Let’s assume for now that 21^ is the character of ^4^, and write Wi = W 2 = C’' 
Cauchy’s formula |Wey03 Cor. 2.3.3], we get an equality of GL-representations 


Using 


5det= 0 SxWi^SxW2 = ^% 


Aez:? 


i=0 


As in Example 11.21 this shows that Aq, - ■ ■ , An are the P-module composition factors of S'detj each appearing 
with multiplicity one. It remains to check that Ag = Fg/Fg-i where Fg = (det“®)x). 

We prove by induction on s that the P-module composition factors of Fg are Aq, - ■ ■ ,Ag, which is clearly 
true for s = 0. Assume that s > 0 and that the induction hypothesis is valid for P^-i, so that 5det/.^s-i = 
0]Ls GL-representations. We must then have for some i > s an inclusion of P-modules A, C 5det/.^s-i. 
Using the character description, A, must contain the class of det“* inside the quotient So^et/Fs-i-, and 
therefore it must also contain the classes of det”*"*"^, det”*"*"^, • • •. If i > s this contradicts the formula for 
the character of Aj. We conclude that i = s and that we have an inclusion A* C Sdet/Fg-i. Since A^ is 
simple, it is generated by the class of det”'^, so the image of A^ is Fg/Fg^i. □ 


We note that, just as in Remark ll.41 the strict inclusions Pj_i C Fi, i = 1, • • • , n, in Theorem ll.ll combined 
with Cayley’s identity show that the 6-function of the generic determinant is 6det('S) = Wfi= i(s -I- i). 

We conclude by showing that 21^ is the character of A^. For k = 1, • • • ,n, we consider the situation of 
Section [231 with X = Xk = G(A:, Ui) x G{k,V 2 ) and Pi,Qi,P2jQ2 as in (j2.17p . We let U = Vi (8* V2, 
rj = Qi® Q 2 -, and write Y = 1^, vr = tta, in (j2.23p . We note that locally on Xk, Q\, Q 2 trivialize to vector 
spaces of dimension k, and Yj, gets identified with the space ol k x k matrices. We take the line bundle 
C = det Qi ® det Q 2 , consider its GL-equivariant inclusion C, C Sym^ rj, and note that C is locally generated 
by the function that assigns to a matrix its determinant. If we let Yjf C Yk be the open set defined locally by 
the non-vanishing of the determinant, then as a GL-equivariant quasi-coherent sheaf on Xk, Oyo is given by 




0 SxQi®SxQ2 


® det {Ql ® Q* 2 ) ® Sym{Ql ® Q*^), 


so condition (I2.24h is satisfied in our context. The Euler characteristic of the P-module pushforward Oyo 

is now easily computed as a consequence of Propositions 12.10] and (331 and of Remark 12.111 


X 



• lim Pk,r{Vi) ®Pk,r{V 2 ) i8>det(lU) (g) Sym(IU) 


= E(- 

s=n—k 

Since Oyo maps isomorphically via nk to the orbit of rank k matrices in M, the conclusion that 21^ is the 
character of A^ follows as in the proof of Theorem 14.11 by the linear algebra trick in Section 12.61 


j^\{m-n)-{n-k-s) / ) . 91 . 

\s — n + kj 
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6. EQUIVARIANT P-MODULES ON SKEW-SYMMETRIC MATRICES 


In this section we compute the characters of the GL-equivariant P-modules on the vector space of skew- 
symmetric n X n matrices. We let W denote a complex vector space of dimension n, V = W*, and we 
identify /\^ W with the vector space of n x n skew-symmetric matrices, where exterior products 

wi A W 2 correspond to matrices of rank two. If we write GL = GL(IE), m = [n/2j, let denote the 

subvariety of matrices of rank at most 2s, and recall the notation (13.161) for the characters 53* then we have: 


Theorem on Equivariant P-modules on Skew-symmetric Matrices. The simple GL-equivariant 
holonomic 'D-modules on are Bg = M®'^®"), s = 0, • • • , m, and for each s the character of 

Bg is IBs. If n = 2m -|- 1 is odd then for s = 1, • • • ,m, Bg can he described in terms of local cohomology: 


Bg = 


Ml 


skew 


{M'‘ 


skew N 

jW^skewJ — 


(M®’^®'^,C>Afskew). 


( 6 . 1 ) 


If n = 2m is even, we let Pf be an equation defining the hypersurface M^®^. We let S denote the coordinate 
ring of , and consider Fg = the V-submodule of the localization 5pf generated by Pf“^'^ for 

s = 0, • • • , m (and F_i = 0). We have that Bg = Fg/Fg_i for s = 0, • • • , m. 


The classification of GL-equivariant holonomic simple P-modules is explained in Theorem 12.91 while 
the equality (j6.1|) follows from [RWW141 Theorem 5.5] and |RW15l (1.4)]. When n = 2m, we get that 
Bg = Fg/Fg-i just as in the proof of Theorem 11.11 Note that Gayley’s identity shows that 6pf(s) divides 
+ 2 • i — 1), which in turn implies that (Pf“^*)x> = The strict inclusions Fj_i C E) then 

force 2 • i — 1 to be a root of 6pf(s) for i = 1, • • • , m, so in fact 6pf(s) = + 2 • i — 1). 

To prove the theorem, it remains to check that IBs is the character of Bg. For k = 1, - ■ ■ , m, we consider 
the situation of Section [M with X = Xk= G{2k, V) and IZ, Q as in We let U = /\^ V, t] = /\^ Q, 

and write Y = Y),, vr = vr^ in (12.230 . Locally on Q* trivializes to a vector space of dimension 2k, and 
Yk gets identified with the space of 2k x 2k skew-symmetric matrices. We take the line bundle L = det Q 
to be the Pliicker line bundle on X, consider its GL-equivariant inclusion C, C Sym^ rj, and note that C is 
locally generated by the function that assigns to a skew-symmetric matrix its Pfaffian. If we let Yj? C Y), 
be the open set defined locally by the non-vanishing of the Pfaffian, then we get using Cauchy’s formula 
|Wey03 Prop. 2.3.8] that condition (I2.24|) is satisfied. As a consequence of Propositions 12.101 and ITHl and 


of Remark 12.111 we obtain 


x(^J = ^li^P2fc,r(G) (g>det |/\lT j (g) Sym |/\lY j = ^ 

^ \ / \ / S— TFL — k 


m — k 




( 6 . 2 ) 


Since Oyo maps isomorphically via vifc to the orbit of rank 2k matrices in we conclude as in the proof 

of Theorem O that IBs is the character of Bg for all s. 


7. The simple regular holonomic P-modules on rank stratifications 

We let X denote any of the vector spaces of general, symmetric, or skew-symmetric matrices, with the 
natural group action by row and column operations of the corresponding group G as considered in the 
previous sections. We denote by A the union of conormal varieties to the orbits of G, and consider the 
category C = mo(L(('{T>x) of regular holonomic Px-modules whose characteristic variety is contained in A. 
The goal of this section is to describe explicitly the simple objects in C and obtain as a corollary a direct 
proof of Levasseur’s conjecture [Lev09[ Gonj. 5.17] in the case of general and skew-symmetric matrices. 

Via the Riemann-Hilbert correspondence, the simple objects in C are classified by irreducible local systems 
on the G-orbits. When the local systems are G-equivariant, the corresponding Px-modules have been 
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described in the previous sections. The only orbits with irreducible non-equivariant local systems are the 
orbits O C X of rank n matrices, when X is the vector space of n x n general or symmetric matrices, or 
when X is the vector space of 2n x 2n skew-symmetric matrices. In each of these cases, the complement of 
O in X is defined by a single polynomial / which is the determinant of the generic (symmetric) nxn matrix 
in the first two cases, and it is the Pfaffian of the generic 2n x 2n skew-symmetric matrix in the last case. 
The fundamental group of O is equal to Z, so the monodromy of the corresponding local system is given 
by a non-zero complex number A = with a € C/Z. We let S denote the coordinate ring of X and for 
a € C we consider the T>x-module Fa = Sf ■ /" (which only depends on the class of a in 'FITX). 

Theorem 7.1. With notation as above, consider the irreducible local system La on O whose monodromy is 
given by X = If La is not G-equivariant then the corresponding simple object in m.odf^{T>x) is Fa- 

Proof. The restriction of Fa to O is a rank one integrable connection whose corresponding local system has 
monodromy given by A = It follows that in order to prove the theorem we need to check that Fa is a 

simple Px-Riodule. The condition that La is not G-equivariant is equivalent to (see Theorems 12.71 and 12.9p 

• a ^ Z if X is the space of general or skew-symmetric matrices. 

• a ^ ^Z if X is the space of symmetric matrices. 

From now on we assume that La is not G-equivariant. It follows from the Cayley’s identity (and its symmetric 
and skew-symmetric versions) that Fa is generated as a Px-module by /“ (or by for any r € Z). In 
order to prove that Fa is simple, it is then sufficient to show that any non-zero Hjc-submodule F C Fa 
contains for r ^ 0. Fix any such F. 

We write g for the Lie algebra of G, and note that any Hx-module is a g-representation. In particular this 
is true about F d Fa- Since Fa has a multiplicity free decomposition into irreducible g-representations of 
the form M ■ f^, where M C S'/ is an irreducible integral g-representation, we may assume that F contains 
one such M ■ /“. Replacing a by a — r and M by M • /'" for r G Z, we may assume that M C S. Since 
M generates a non-zero ideal which is invariant under the action of G, it defines set-theoretically a proper 
closed G-invariant subset of X, which is necessarily contained in the zero locus of / (the complement of / 
is a dense orbit for the G-action). We obtain that the ideal in S generated by M contains all large enough 
powers of /, and therefore that F contains for r ^ 0, which concludes the proof of the theorem. □ 

We end by remarking that Theorem 17.11 yields a proof of Levasseur’s conjecture in the case of general 
and skew-symmetric matrices. We have already seen that the irreducible G-equivariant local systems on 
the orbits of the group action give rise to simple Dx-modules containing (and hence generated by) non-zero 
sections invariant under the action of the derived subgroup G'. By Theorem 17.11 the remaining simple 
objects of C are all of the form Fa = Sf ■ /“. Since / is a G'-invariant, the same is true about /“, so Fa 
contains non-zero G'-invariant sections. 
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